Abstract. We characterize the longterm behavior of a semiflow on a compact space K by asymptotic properties of the corresponding Koopman semigroup.
properties of dynamical systems by "translating" them into stability properties of the restricted Koopman semigroup. We then, in Section 4, prove the existence of minimal attractors and characterize these for each possible asymptotic behavior. Now we recall some basic facts and fix the notation. Let K be a compact Hausdorff space. A family of self-mappings (ϕ t ) t≥0 on K is called semiflow if ϕ 0 ≡ id K and ϕ t+s = ϕ t • ϕ s for all s, t ≥ 0. We call (ϕ t ) t≥0 a continuous semiflow if
is continuous with respect to the product topology. Thus, a dynamical system is a pair (K, (ϕ t ) t≥0 ) consisting of a compact Hausdorff space K and a continuous semiflow (ϕ t ) t≥0 . We also call K the state space and the elements x ∈ K states. The induced Koopman semigroup (T (t)) t≥0 on (C(K), · ∞ ), as defined above, is strongly continuous if and only if (ϕ t ) t≥0 is continuous, cf. [Nag+86, B-II, Lem.
3.2].
We recall that (C(K), · ∞ ) is a C * -algebra and a Banach lattice for the usual pointwise operations. Given a function f : K → R and a ∈ R we use the notation 
Stability of C 0 -semigroups
In this section we recall various stability properties of C 0 -semigroups on a Banach space X. The concept of almost weak stability is treated in more detail.
Definition 1.1. Let (T (t)) t≥0 be a strongly continuous semigroup on a Banach space X. Then (T (t)) t≥0 is said to be a) nilpotent if there exists t 0 > 0 such that 
In the above definition the following chain of implications holds
All implications are strict except b) ⇐⇒ c) which can be found in [EN00, Chapter To later study stability of Koopman semigroups on C(K)-spaces we need an additional definition.
Definition 1.2. Let (K, (ϕ t ) t≥0 ) be a dynamical system, (T (t)) t≥0 the corresponding Koopman semigroup on C(K). Then (T (t)) t≥0 is said to be almost everywhere
if the limit exists.
pointwise stable if there exist a quasi invariant 2 regular Borel measure on K such that for every f ∈ C(K)
We also recall the definition of the growth bound ω 0 of a strongly continuous semigroup (T (t)) t≥0 on a Banach space X which is defined as 
Proof. The equivalence a) ⇐⇒ b) follows from the so called Remark 1.4. Let (T (t)) t≥0 be C 0 -semigroup of contractions on some Banach space X. The subset
is a closed, (T (t)) t≥0 -invariant subspace of X.
Proof. Let (x n ) n∈N be a convergent sequence in I aws with limit x ∈ X and take
Remark 1.5. Let (T (t)) t≥0 be C 0 -semigroup of contractions on some Banach space X. In analogy to the previous remark, we define I ss := {x ∈ X | T (t)x → 0 as t → ∞} and
Both are clearly closed subspaces of X.
Remark 1.6. Let (K, (ϕ t ) t≥0 ) be a dynamical system, (T (t)) t≥0 the corresponding Koopman semigroup on X := C(K) and µ a quasi invariant regular Borel measure on K. We define
Which is a closed subspace of X.
Proposition 1.7. Let (T (t)) t≥0 be a C 0 -semigroup of contractions on a Banach space
then (T (t)) t≥0 is almost weakly stable.
Proof. Take x ∈ X and (t n ) n∈N , t n → ∞ such that
for all x ′ ∈ X ′ . As in the proof of Proposition 1.3 we consider the induced Koopman system (C(B ′ ), (T (t)) t≥0 ) and the function
for all n ∈ N. We observe that
The functions | T (t n )x, x ′ | converge to 0 pointwise in x ′ by assumption and by
(rg(Id −T (t))) by the theorem of Hahn-Banach. Thus,
for all x ′ ∈ X ′ . Since x was arbitrary, (T (t)) t≥0 is almost weakly stable. From now on (K, (ϕ t ) t≥0 ) is a topological dynamical system with compact state space K if not otherwise stated and (T (t)) t≥0 denotes the induced Koopman semigroup on C(K).
Absorbing sets
The following section is dedicated to absorbing sets, these are compact invariant subsets of the state space that eventually contain every initial state. We follow the definition in [Chu15, Def. 2.1.1] and differ between two types of such sets.
This gives rise to the notion of dissipative systems, cf. [Chu15, Def. 2.1.1].
Proposition 2.3. Let M K be a closed invariant set and (S(t)) t≥0 the restricted Koopman semigroup, i.e.
S(t) := T (t)| IM for t ≥ 0. Then all the assertions in (I)
and all the assertions in (II) are equivalent.
Proof. We begin with the proof of (I). Clearly, a) =⇒ b). For the implication b) =⇒ d) assume M not to be absorbing and fix t 0 > 0, thus there is
Since t 0 was arbitrary S(t) = 1 for all t ≥ 0 which contradicts b). The implication d) =⇒ a) can be seen as follows. Let t 0 > 0 be such that
S(t 0 )f = 0. Additionally, clearly a) implies c).
Proof of (II): These equivalences are quite clear since a) implies that for all x ∈ K there exists t 0 > 0 such that
Next we give a condition under which the two concepts coincide. We recall that a compact space K is a Baire space, thus for a sequence of closed subsets K n , n ∈ N, with
there exists n ∈ N such that K n has non-empty interior.
Remark 2.4. Let M K be closed and invariant. If M is pointwise absorbing the sets ϕ
Proposition 2.5. Let M K be closed and invariant and K n as defined in Remark 2.4. The set M is absorbing if and only if it is pointwise absorbing and
Proof. Clearly, if M is absorbing it is pointwise absorbing and there exists n ∈ N such that M ⊆ K = • K n in above construction. For the other implication consider the following. By assumption for every x ∈ K there exists t x ≥ 0 such that
Since K is compact there exist finitely many x 1 , . . . , x j for some j ∈ N such that
This implies for y
for some k ∈ {1, . . . , j} and therefore
by invariance of M .
Asymptotics of Dynamical Systems
In this section we consider asymptotic properties of semiflows around closed invariant sets and give operator theoretic characterization of each such property. We also discuss correlations between them. 
for all x ∈ K, where λ denotes the Lebesgue measure on [0, ∞), e) stable in the sense of Lyapunov if for all U ∈ U(M ) there exists V ∈ U(M ), Remark 3.2. If (K, (ϕ t ) t≥0 ) is a dynamical system with metric K then there exists one µ-null set satisfying the assumptions in Definition 3.1 c) that does not depend on U ∈ U(M ) since there is a countable neighborhood basis and the countable union of null sets is again a null set.
Remark 3.3. For the concepts defined in Definition 3.1 the following implications hold.
a)
+ 3
The opposite implications do not hold true in general which can be seen in the following examples. The equivalence of Definition 3.1 a) ⇐⇒ b) + e) will be proven in below Proposition 3.8 and Proposition 3.9. 
given in polar coordinates on K := {z ∈ C | 1 ≤ |z| ≤ 2}. The solutions of above differential equation exist for all times and all initial values in K and form a semiflow (ϕ t ) t≥0 thereon.
The dependence of r(t) and θ(t) is given by r(t) = e
C·e −θ(t)
↔ θ(t) = − log(log(r(t))) + log(C) .
The orbit of an initial state with radius r > 1 forms a spiral towards the unit circle. On the unit circle the radius is constant and the rate of change of θ(t) is given by the differential equatioṅ
Thus, z 1 = 1 = e 0 und z 2 = −1 = e πi are fixed points, because sin 2 (0) = sin 2 (π) = 0. Therefore, the orbits of states on the unit circle converge to either z 1 or z 2 . The set M := {z 1 } ∪ {z 2 } is a center of attraction for (K, (ϕ t ) t≥0 ) and it is even minimal with this property. It is easy to see that the minimal attractive subset in this example is T := {z ∈ C | |z| = 1}.
The next proposition characterizes all above mentioned attractivity properties by means of the corresponding Koopman semigroup.
Proposition 3.5. Let (K, (ϕ t ) t≥0 ) be a dynamical system, ∅ = M ⊆ K a closed invariant set and (S(t)) t≥0 the restricted Koopman semigroup, i.e. S(t) := T (t)| IM for t ≥ 0.
(I) The following are equivalent. Proof. Proof of (I): First we show a) =⇒ b). Take U ∈ U(M ). Since K \ M is completely regular there is f ∈ I M and ε > 0 such that U ε,f ⊆ U . By assertion a)
there is t 0 > 0 such that S(t)f < ε for all t ≥ t 0 . This implies
Proof of (II): To prove a) =⇒ b) take U ∈ U(M ) and x ∈ K. Then there exist ε > 0 and f ∈ I M such that U ε,f ⊆ U and since (S(t)) t≥0 is weakly stable there exists t 0 > 0 such that 
The other implication follows similarly.
Proof of (IV): First recall that
for all x ∈ K and consequently for A := K \ U , which is a compact subset of K \ M , the following equivalence holds. Note that the mapping
is continuous and hence measurable, thus for t > 0 fixed
by the Fubini-Tonelli Theorem. And thus by Lebesgue's Theorem of dominated convergence
for all µ ∈ I ′ M . This implies C c (K \ M ) ⊆ I aws and since I aws is closed and the continuous functions with compact support are dense in C 0 (K \ M ) it follows that
On the other hand since I aws is closed invariant ideal there exists L ⊂ K closed and invariant such that I aws = I L . Take Thus M is a center of attraction.
To conclude this section we show that the concepts of uniform attractivity and pointwise attractivity coincide if and only if M is stable in the sense of Lyapunov.
To do so we first characterize stability in the sense of Lyapunov further.
Proposition 3.6. Let ∅ = M ⊆ K be closed and invariant. Then the following are equivalent.
a) The set M is stable in the sense of Lyapunov.
be chosen closed as well.
Proof. For the implication a)⇒b) take U ∈ U(M ) closed and 
V .
We prove that the assertion implies b) in Proposition 3.6. Let U be an open neighborhood of M and assume there is no invariant neighborhood V of M with V ⊆ U . Then for all invariant neighborhoods V there exists x V ∈ V with x V ∈ U c . This defines a net (x V ) V inv. which has a convergent subnet, since U c is compact. Let x be the limit of said convergent subnet. On the other hand there exists a convergent subnet with limit in M since K is compact and the sets V are neighborhoods of
V which contradicts the fact that x ∈ U c .
This implies b).
Proposition 3.8. Let (K, (ϕ t ) t≥0 ) be a dynamical system and ∅ = M ⊆ K a closed invariant subset which is uniformly attractive, then M is stable in the sense of Lyapunov.
Proof. Let M be uniformly attractive and assume M is not stable in the sense of Lyapunov then there exists f ∈ I M , f ≥ 0 and ε > 0 such that U ε,f contains no invariant neighborhood. This implies there exists a net (x i ) i∈I ⊆ U ε,f and
Thus, (T (t i )f (x i )) i∈I has a convergent subnet, converging to y ∈ [f ≥ ε].
Since there exists t 0 > 0 such that T (t)f < ε for all t ≥ t 0 since M is uniformly attractive by assumption, the net (t i ) i∈I is bounded and thus there exists a convergent subnet (t ij ) j∈J with t ij → t * ≤ t 0 . Also, since U ε,f is compact there exists a convergent subnet (x ij ) j∈J with x ij → x ∈ M . By continuity
which is a contradiction. Therefore, M must be stable in the sense of Lyapunov.
On the other hand stability in the sense of Lyapunov and attractivity imply uniform attractivity.
Proposition 3.9. Let (K, (ϕ t ) t≥0 ) be a dynamical system and ∅ = M ⊆ K attractive and stable in the sense of Lyapunov. Then M is uniformly attractive.
Proof. Let M be pointwise attractive and stable in the sense of Lyapunov. Take U ∈ U(M ) open and invariant. Then for every x ∈ K there exists t 0 = t 0 (x, U ) such that
Since ϕ t0 is continuous there exists an open neighborhood U x of x with
This implies the assertion.
Existence and Characterization of Minimal Attractors
Given a dynamical system (K, (ϕ t ) t≥0 ) there always exist attractors in the sense of above Definition 3.1 a),b),c) and d) since the subspaces I ss , I ws , I aws and I aews are all closed ideals of C(K) and are maximal with this property. We thus obtain a corresponding closed invariant set ∅ = M ⊆ K that is uniformly attractive, attractive, a likely limit set or a center of attraction and it is minimal with this property by construction. In this subsection we will discuss what the corresponding minimal attractor M looks like. First, we clarify that I ss , I ws , I aws and I aews are in fact not only closed subspaces but ideals in C(K).
Remark 4.1. The closed subspaces I ss , I ws and I aws ⊆ C(K) are order or equivalently algebra ideals in C(K).
Proof. We only compute this for I aws , because I ws and I aews follow analoguosly and I ss is clearly an order ideal. By Remark 1.4, I aws is a closed subspace of C(K). It remains to show that it is an algebra or equivalently a lattice ideal. Now take f ∈ I aws we have to show that |f | ∈ I aws . Take x ∈ K and recall that for every
Applying Lebesgue's Theorem of dominated convergence implies the assertion.
4.1. Uniform attractivity. The following proposition gives a characterization of uniform attractivity.
Proposition 4.2. Let (K, (ϕ t ) t≥0 ) be a dynamical system and ∅ = M ⊆ K closed and invariant. Then the following are equivalent.
a) The set M is uniformly attractive, b)
Proof. To prove a) =⇒ b) note that
The opposite implication b) =⇒ a) follows since for every U ∈ U(M ) the following chain holds
As an immediate result we obtain the following.
Proposition 4.3. Let (K, (ϕ t ) t≥0 ) be a dynamical system. Then there exists a unique minimal uniformly attractive subset of K given by
Proof. The set t≥0 ϕ t (K) is closed and (ϕ t ) t≥0 -invariant and is uniformly attractive by Proposition 4.2 b) and is minimal with this property by construction. Proof. Take x ∈ Ω and y ∈ ω(x), i.e., y ∈ {ϕ t (x) | t ≥ T } for all T ≥ 0. In particular, y ∈ orb(x). Thus, by definition of the closure there exists a net in orb(x) converging to y. For the other implication let (t i ) i∈I be a net with t i → ∞ such that ϕ ti (x) converges to y. For fixed T ≥ 0 there exists i 0 ∈ I such that Proposition 4.7. The set ω(x) is non-empty, closed and invariant under (ϕ t ) t≥0 for all x ∈ Ω.
Proof. Take x ∈ Ω. The set ω(x) is closed by definition as an intersection of closed sets and non-empty by the finite intersection property of K. For the invariance take r > 0 and y ∈ ω(x). Then there exists a net (ϕ ti (x)) i∈I converging to y for i ∈ I, since ϕ r is continuous, (ϕ r (ϕ ti (x)) i∈I converges to ϕ r (y), thus ϕ r (y) ∈ ω(x).
Proposition 4.8. Let (K, (ϕ t ) t≥0 ) be a dynamical system and ∅ = M ⊆ K closed and invariant. Then the following are equivalent.
a) The set M is attractive, b) ω(x) ⊆ M for all x ∈ K.
Proof. To prove a) =⇒ b) take x ∈ K. By a)
Consider U ∈ U(M ) open and assume that a) does not hold, i.e., there exists
x ∈ K \ M with ϕ t (x) ∈ U c for infinitely many t > 0. Since U c is closed and hence compact there exists a convergent subnet (t i ) i∈I , t i → ∞ such that ϕ ti (x) → z ∈ U c which is a contradiction to b). . Proposition 4.11. Let (K, (ϕ t ) t≥0 ) be a dynamical system with K metric, µ a quasi invariant regular Borel measure on K and ∅ = M ⊆ K closed and invariant. Then the following are equivalent.
a) The set M is a likely limit set, b) there exists a quasi invariant regular Borel measure on K such that ω(x) ⊆ M for µ-almost every x ∈ K.
Proof. This follows directly from Proposition 4.8.
